REDUCING THE CHERN-SIMONS TERM 
BY A SYMMETRY* 



R. Jackiw 
Center for Theoretical Physics 
Massachusetts Institute of Technology 
Cambridge, MA 02139~4307 



S.-Y. Pi 

■ Physics Department 

Boston University 
Boston, MA 02215 



0^ 
0\ 



o 

Q 

00 



Abstract 



^ , Reducing a 3-dimensional Chern-Simons term by a symmetry yields other 

\ topologically interesting structures. Specifically, reducing by radial symmetry 

OO 

^ ' results in a 1-dimensional quantum mechanical model, which has recently 

CN ' been used in an analysis of finite-temperature Chern-Simons theory. The 

radially symmetric expression may be inserted into 3-dimensional monopole 
Q> , or (2 + l)-dimensional instanton equations, where it eliminates the monopole 

or instanton solutions. 
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■ '^^^ gs-uge dependence of the induced Chern-Simons term at finite temperature has been 

' recently explained . Original calculations seemed to indicate that the magnitude of this 
^ topological entity varies smoothly with temperature contradicting the integrality of the 

Chern-Simons coefficient, as is required in the quantum theory by gauge invariance 0]. The 
puzzle became resolved once it was realized that finite-temperature calculations to fixed 
perturbative order (like the original ones 0) necessarily violate gauge invariance, which is 
restored only after all orders are summed. (At zero temperature, finite order calculations 
suffice to exhibit the complete, induced Chern-Simons term 

The all-order summation was first accomplished in a toy quantum mechanical model, 
which had been introduced a decade earlier for the purpose of exhibiting in a simple setting 
some of the peculiar topological/geometrical effects of quantized Chern-Simons theory [^. 
In this Letter, we demonstrate that this model is not merely a pedagogical toy; in fact it 
coincides with the three-dimensional Chern-Simons term, reduced by spherical symmetry. 

*This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.) 
under contract #DE-FC02-94ER40818 and under contract #DE-FG02-91ER40676. 
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We first review the quantum mechanical analog, and then demonstrate how it arises by 
symmetric reduction. We conclude with remarks about the effect of the Chern-Simons term 
on the monopole and instanton equations. 



I. CHERN SIMONS QUANTUM MECHANICS 

Let us record the Lagrangian of (2 + l)-dimensional, topologically massive (Chern- 
Simons) electrodynamics, in the Weyl {Aq = 0) gauge. 

^CS/EM = ljd'^ ((^™)' - (V X A)l + fie^^'^ArnAr 

The over-dot indicates time-differentiation of the two-component field variable Am{t,x.), 
(m = 1, 2). The above expression suggests the following quantum mechanical analog, which 
involves a two-component particle variable q"^{t) 



The similarity of respective structures in (Q) and (||) is self-evident. Lqm describes a particle 
on the plane, moving in a constant magnetic field perpendicular to the plane; this is a "field 
theory" in one dimension, time. Note that the theory is invariant against global rotation by 
time-independent angle 6. 

= 6"^"^"^ (3) 
The corresponding constant of motion is the angular momentum 

M = e'^'^q'^pn (4) 

whose value is not fixed, but restricted to integers in the quantum theory (when the 
configuration-space plane has no punctures). 

In spite of the similarity of (|1]) to (0), the latter, unlike the former, is not a gauge theory: 
the U{1) symmetry (|^) of Lqm is global. But the invariance can be localized and 9 can be 
an arbitrary function of time, provided a connection a is introduced and the time derivative 
of is replaced by a gauge covariant derivative 

(T ^ {Dq)"^ = (r- e"^"ag" (5) 

{Dq)"^ transforms covariantly when (^ is supplemented by 

6a = 6 (6) 

In one (time) dimension, we cannot form a curvature from the connection a, but because 
the dimensionality is odd we can construct a Chern-Simons term: it is just a. Thus the 
model that we adopt as the one- dimensional analog of Lcs/em is the gauge invariant version 
of (0), supplemented with a Chern-Simons term of strength —u. 

i^cs/QM = I [{{Dqrf - co\qn' + /.e™"g'"(Dg)") - ua (7) 
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Since we may always work in the "Weyl" gauge a = 0, the dynamical equations of (0) 
coincide with those of except that (|^ also enforces a "Gauss law," which follows upon 
varying a, and reads 

M = iy (8) 

Thus it is seen that the angular momentum, which is not fixed in the un-gauged theory 
(0), must take the value u in the gauged model with Chern-Simons term (^. Of course in 
the quantum theory u must be an integer. This quantization requirement is alternatively 
demanded by gauge invariance when Lcs/qm is quantized: under the gauge transformation 
(|),(D, the action Iqs/qm = I dtLcs/QM changes by A/cs/qm = -z^A6'; where A9 = J d9; 
when A9 is restricted to an integral multiple of 2tt, gauge invariance of e^^^s/'^M jg assured 
with integer u. (The situation here is very similar to what happens with Dirac's monopole, 
whose quantization also follows alternatively from angular momentum quantization or from 
gauge invariance.) 

The recent analysis of the Chern-Simons term at finite temperature |jl|J^ was based on 
the model (0). It is clear that the geometrical/topological effects arise from the last two 
terms in that Lagrangian. We now show how just these terms can be obtained from the 
3-dimensional Chern-Simons term. 

II. REDUCTION OF 3-DIMENSIONAL CHERN SIMONS TERM 

Consider the Chern-Simons action in three space. 

NW{A) = £ I d'xe^^'id.A'^At + ^U^A^A'^Al) 

N r 2 
= -— y d'xe'^hridiA^Ak + -AA.Ak) (9) 

In the second expression the connections Ai are ant i- Hermit ian elements of a Lie algebra, 
with structure constants fabc- The coefficient is chosen so that the quantization condition 
is obeyed with integer N. Let us consider the SU{2) case and take for A" the radially 
symmetric Ansatz, familiar from monopole/instanton studies. 

AI = {6^ - er^)^i)i + e'^^r^^{i)2 - 1) + rV'^A (10) 

Here ipm-, m = 1, 2, and A are functions just of r. Substituting (^) into (^, performing the 
angular integrals, leaves 

NW{A) = Nj^^dr[e"'^4jm{Dij)n-A) (11) 

(D^)^ = ^p'^- emnAij^ (12) 

Here the dash denotes r-differentiation, and we have dropped an endpoint contribution, 
■^11^=0°- Comparison with (^ shows that the geometric/topological portions of that expres- 
sion coincide with (|lTD (except that r has only half the range of t). Moreover the strength 
z/ in (^, here emerges as the integer N, consistent with the quantization requirement. 
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The construction may be generalized to an arbitrary group, where the radially symmetric 
Ansatz, which generalizes (0), is best presented when the Lie algebra- valued vector Ai is 
decomposed into spherical components {Ar, Ag, A^) 0. One chooses a constant element fl 
lying in the Cartan sub-algebra of the Lie algebra. Then Ar, a function only of r, is also a 
member of the Cartan sub-algebra. The remaining components Ag and A^j^ are given by 

Ae = -"^1 

r 

A^ = - ^ctn^^^ (13) 
Here and \l/2 are functions of r and satisfy 

[^m,^]= emn^n (14) 

(Depending on the choice of Q, it may be that the only solution is \E'm = 0.) Substituting 
these formulas into (D gives rfrtr{e'""^rn(i5^)n - Ar^l} with 

(D^)„ = ^'^ + [A„ (15) 

The above reduced Chern-Simons term is similar to (|TT[), but it differs in detail, because the 
coefficient of ti ArQ is not the same as in ([TI|). The reason for this may be understood by con- 
sidering the special, but interesting case when —Q is an element of an SU (2) algebra, so that 
a gauge transformation on ([T3|) puts those expressions into the form ([T0|) ||^. However, the 
relevant gauge function is singular (multivalued) on the sphere (because it removes the ctn6' 
singularity of A^), and the Chern-Simons term is not invariant against this transformation. 
Tracking the change in NW, exposes another contribution so that finally one finds 

iViy = A^^°°rfrtr{e™"^„(D^)„-2A,fi} (16) 



in agreement with (|TTD. 

Alternatively one may describe the situation as follows : The Chern-Simons expression 
is defined intrinsically and gauge invariantly in terms of the curvature F^,^, 

AT r 

^^ = -T7r d'xe-^^hi{F^pF,s) (17) 

where the integration is over a 4-manifold M whose boundary dM is the 3-manifold relevant 
to the Chern-Simons formula. When connections are singular [like our (p^j it need not 
be the case that the "surface" integral in (0) yields just (P) — there may be additional 
contributions. We are interested in the Chern-Simons term on i?^, compactified to S^. With 
radial symmetry and identification of end points in the r-coordinate, we pass to x S"^. So 
M in (|17|) should be x S*^, where is a disk with boundary S^. Evidently, the extra 



contribution arises when this calculation is carried out with (pTsD |^. 



III. OTHER USES FOR THE DIMENSIONALLY REDUCED CHERN SIMONS 

TERM 

The radially symmetric Chern-Simons term (p!T| ) or ([T6| ) may be inserted into the classical 
field equations of two theories. One may consider a Yang-Mills/ Higgs model in (3 + 1) 
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dimensions, for which static 't Hooft-Polyakov monopole sohtons exist, with exphcitly known 
profiles when the Higgs potential vanishes (Bogomolny-Prasad-Sommerfield). Adding a 
3- dimensional (spatial) Chern-Simons term violates Lorentz invariance in an interesting, 
gauge-invariant fashion [|I^ and affects the static, purely spatial equations of motion. 

Alternatively, one may consider a (2 + l)-dimensional Yang-Mills/Higgs theory, continued 
to imaginary time, where the 't Hooft-Polyakov monopoles are now instantons. If the action 
in Minkowski space includes a Chern-Simons term, continuation to imaginary time gives a 
Euclidean space action but with imaginary Chern-Simons term. Nevertheless the instanton 
equations remain real. 

In summary, one may sensibly add the Chern-Simons expression to the 3-dimensional 
Yang-Mills/Higgs system, with real or imaginary coefficient, and inquire how the addition 
affects the monopole or instanton solutions, respectively. It appears that the inclusion of 
the Chern-Simons term removes the 't Hooft-Polyakov monopoles/instantons in both con- 
texts. We sketch the argument, for radially symmetric configurations in an SU{2) (Georgi- 
Glashow) theory. 

The Yang-Mills/Higgs SU{2) Lagrangian restricted to radially symmetric and static 
gauge fields as in (|10]) and Higgs fields 

(pa = r^^f (18) 
takes the form (with kinetic term normalized to l/327r rather than the usual 1/4) 

-L = J^ dr{-{D^PUD^U + - 1)' + ^4^1 f + jifT + V{f)} (19) 

This corresponds to the static portion of the (3 + l)-dimensional theory, with —L being 
also the energy. Alternatively, ([T9|) is the Euclidean action of a (2 -|- l)-dimensional theory 
continued to imaginary time. The Higgs potential V{f) vanishes in the Bogomolny-Prasad- 
Sommerfield limit, which we adopt henceforth. 

To ([19|) we add the Chern-Simons term (|ll|), arriving at the total action 

I = -L + {i)NW (20) 

where the imaginary factor i is present for the discussion of the (2 + l)-dimensional theory 
in imaginary time. When the fields ipm are parametrized as 

'ipi = pcos9 7/^2 =P sin 6^ (21) 

one is left with 

^ = fdr {ip'^ + IpH9' +A+ mr - limfp' + i^(p' - 1)' 

+ Ip'f + jf" - m^} . (22) 

The equation of motion obtained by varying 6, 

^{p'ie' + A + i{)N)} = Q (23) 

requires the constancy of the "angular momentum" p^{6' + A + {'i)N), but its value is unre- 
stricted. The stronger constraint follows from the "Gauss law" that emerges after varying A. 
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p\d' + A+{{)N) = {{)N 



(24) 



The "angular momentum" is fixed. In the equation for p, {6' + A + {i)N) may be eliminated 
with the help of (p^ , which implies that an effective action for p and / reads 

Wive = dr [p" TN\^^+ + ^(/ - 1)^ + p^f + } (25) 

where the upper sign corresponds to the static soliton equation and the lower to the 
imaginary-time instanton equation. Note that the latter is real, inspite of imaginary fac- 
tors at intermediate stages. 

It is seen that the addition of the Chern-Simons term modifies the equation for p by a 
"centrifugal" potential ±A^^(^ + p^). As long as / remains bounded at large r, this potential 
prevents p from achieving its monopole asympotote p = 0, in the monopole problem (+ sign). 
For the instanton problem (— sign), the potential is unboundedly attractive, so that the large 
r asymptote corresponds either to unbounded growth of p, or to a collapse to the origin at 
finite (yet large) r, or, in a limiting situation, to p attaining the maximum of the potential and 
remaining there. But none of the above corresponds to the instanton boundary condition. 

Thus, the addition of the topological Chern-Simons interaction, destroys the topological 
excitations. This may be seen as an analog to the result that in the vacuum sector of a 
(3 -|- l)-dimensional theory with a (Lorentz non-invariant) Chern-Simons interaction, an 
emergent mass term is tachyonic |llO| . 
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